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1 Introduction 



In study of finite dimensional quantum systems and channels such notions 
of the convex analysis as the convex hull and the convex closure (called also 
the convex envelope) of a function defined on the set of quantum states, 
the convex roof of a function defined on the set of pure quantum states 
(introduced in [30J as a special convex extension of this function to the set 
of all quantum states) are widely used. The last notion plays the basic role 
in construction of entanglement monotones - functions on the set of states 
of a composite quantum system characterizing entanglement of these states 
HSH32J. 

The main problem of using these functional constructions in the infinite 
dimensional case consists in the fact that in this case it is necessary to apply 
them to functions with singular properties such as discontinuity and un- 
boundedness (including possibility of the infinite values). For instance, the 
von Neumann entropy - one of the main characteristics of quantum states 
- is a continuous and bounded function in finite dimensions, but it takes 
the value +00 on the dense subset of the set of states of infinite dimen- 
sional quantum system. The other problems are noncompactness of the set 
of quantum states and nonexistence of inner points of this set (considered 
as a subset of the Banach space of trace class operators). All these features 
lead to very "unnatural" behavior of the above functional constructions and 
to breaking of validity of several "elementary" results (for example, the well 
known Jensen's inequality may not hold for a measurable convex function). 
So, the special analysis is required to overcome these problems. The main 
instruments of this analysis are the following two properties of the set of 
quantum states as a convex topological space: 

• weak compactness of the set of measures, whose barycenters form a 
compact set; 

• openness of the barycenter map (in the weak topology), 

proved in [11] and in [27] respectively and described in detail in section 2. 

These properties reveal the special relations between the topology and 
the convex structure of the set of quantum states. It is possible to show that 
their validity for arbitrary convex complete separable metric space leads to 
some nontrivial results concerning properties of functions on this set. Some 
of these results are considered in [201 12H]- In section 3 we present several 
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new consequences of the above two properties of the set of quantum states 
and construct some counterexamples showing their importance. These coun- 
terexamples also show the special role of the space of trace class operators 
(the Shatten class of order p — 1) in the family of the Shatten classes of order 
p > 1. Continuity of the operations of the convex closure and of the convex 
roof with respect to monotonous pointwise convergence on the class of lower 
semi continuous lower bounded functions is proved. 

The sufficient condition of continuity and of coincidence of the restric- 
tions of the convex hulls (roofs) of a given function to the set of states with 
bounded values of a given lower semicontinuous nonnegative affine function 
(generalized mean energy) is obtained in section 4. 

The two possible infinite dimensional generalizations of the convex roof 
construction of entanglement monotones are considered and their properties 
are discussed in section 5. It is shown that the "natural" discrete generaliza- 
tion may be "false" in the sense that the functions constructed by using this 
method may have not the main property of entanglement monotone (even 
when the generating function is bounded and lower semicontinuous), while 
the continuous generalization produces "true" entanglement monotone un- 
der the weak requirements on the generating function. So, the last method 
is considered as a generalized convex roof construction. The properties of 
entanglement monotones (including generalized monotonicity and different 
forms of continuity) produced by this construction are obtained and some 
examples are presented. 

The convex roof construction provides infinite dimensional generalization 
of the notion of the Entanglement of Formation (EoF)- one of the basic 
measures of entanglement in finite dimensional composite systems [2j. The 
properties of this generalization of the EoF are considered and its relations 
to the another possible definition of the EoF proposed in [B] are discussed in 
section 6. 

2 Preliminaries 

2.1 Notations 

Let Ti be a separable Hilbert space, 03(7^) and 23^(7^) - respectively the 
Banach spaces all bounded operators and of bounded Hermitian operators in 
7i, containing the cone 23+ (TC) of all positive operators, X(7i) and IhiTi.) - 
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respectively the Banach spaces of all trace class operators and of trace class 
Hermitian operators with the trace norm || • 1^ = Tr| • |. Let 



Ti(7Y) = {A G %{H) | A > 0, It A < 1} and &(H) = {A e % X {H) \ TiA = 1} 



be the closed convex subsets of T(7i), which are complete separable metric 
spaces with the metric defined by the trace norm. Operators in &(H) are 
called density operators or states since each density operator uniquely defines 
a normal state on the algebra 03 (7i). 

We will denote by co^4 (ca4) the convex hull (closure) of a set A. We 
will denote by extrA the set of all extreme points of a convex set A [H].[22j. 

Let V(A) be the set of all Borel probability measures on complete separa- 
ble metric space A endowed with the topology of weak convergence [3].jl8j. 
This set can be considered as a complete separable metric space as well [18] . 
The subset of V(A) consisting of measures with finite support will be denoted 
by V i (A). In what follows we will also use the abbreviations V = V(&(H)), 
V = P(extr6(7i)) and V(A) = P(extr^4.) for arbitrary convex set A. 

The bary center of the measure p G V(A) is the state in co4. defined by 
the Bochner integral 



For arbitrary subset B of coA let Vb(A) be the subset of V(A) consisting 
of all measures with the barycenter in B. 

A collection of states {p^ with corresponding probability distribution 
{■Ki) is conventionally called ensemble and is denoted {iii,pi}. In this paper 
we will consider ensemble of states as a particular case of probability measure, 
so that the notation {iii, pi} G V{ p } means that p = Yli^iPi- 

Following [TT] an arbitrary positive unbounded operator H in separable 
Hilbert space 7i with discrete spectrum of finite multiplicity will be called 
i>operator. 

From mathematical point of view the set <5(7i) of quantum states is a 
noncompact convex complete separable metric space, having the following 
two properties: 

A) for arbitrary compact subset A C 6(H) the subset Va is compact [TT] ; 

B) the barycenter map V 3 p i— > p(p) G 6(H) is an open surjection [27] . 
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2.2 Property A 



Property A provides generalization to the case of &(Ti.) of some well known 
results concerning compact convex sets (see lemma 1 in [12J or propositions 
[U and [6] below) and hence it may be considered as a kind of "weak" com- 
pactness. In fact this property is not purely topological (in contrast to com- 
pactness), but it reveals the special relation between the topology and the 
convex structurd^ of the set &(H). The analog of property A for arbitrary 
closed (generally nonconvex) bounded subset of separable Banach spac^] is 
considered in [28], where it is called the /^-compactness property. It turns 
out that /i-compact convex sets inherit some important properties of com- 
pact convex sets such as the Choquet theorem of barycentric representation, 
lower semicontinuity of the convex hull of any continuous bounded function, 
etc. It is possible to prove /i-compactness of the following important convex 
sets (see [2D]): 

1) bounded part of the positive cone of the Banach space T(7i) of trace class 
operators; 

2) variation bounded set of positive Borel measures on any complete sepa- 
rable metric space endowed with the weak topology; 

3) norm bounded set of all positive linear operators in the Banach space 
%(TC) endowed with the strong operator topology. 

It is interesting to note that the Banach space of trace class operators (the 
Shatten class of order p = 1) can not be replaced in 1) by the Shatten class 
of order p > 1. This follows, in particular, from comparison of proposition 
3 in [28] with the example in remark [1] in section 3. Moreover, it can be 
shown that the set %\(1~C) losea^] the /i-compactness property being endowed 
with the || ■ ||p-norm topology with p > 1 and that in the Shatten class of 
order p = 2 - the Hilbert space of Hilbert-Schmidt operators - there exists 
no /i-compact set which is not compact [20] . 

lr The convex structure is involved in the construction of the barycenter of a probability 
measure. 

2 It is possible to consider convex complete metrizable bounded subsets of any separable 
locally convex topological space [2D] . 

3 This shows that the ^-compactness property is not saved in general under passing to 
weaker topology (in contrast to the compactness property) . 
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The above remark that /i-compactness is not a purely topological prop- 
erty is confirmed by the following example, showing that this property is 
not translated by homeomorphisms. By the above observation (see 2)) the 
set of Dirac probability measures (single atom measures) on any complete 
separable metric space endowed with the weak topology is /^-compact and 
homeomorphic to this space, which is not /i-compact in general. 



2.3 Property B 

Property B reveals the another relation between the topology and the convex 
structure of the set &(TC). The characterization of the analog of this property 
for arbitrary /i-compact convex set is obtained in theorem 1 in [28jjl By this 
theorem property B is equivalent to continuity of the convex hull of any 
continuous bounded function on the set &(T~L) and to openness of the map 
&(7~L) x &(H) x [0, 1] 3 (p, cr, A) ^ Xp + (1-X)a e &(H). The analog of the 
last property for arbitrary convex set seems to be simplest for verification and 
(its equivalent but formally stronger form) is called the stability property (see 
[T7j . [S] and references therein). In R 2 stability holds for arbitrary convex 
compact set, in M 3 it is equivalent to closeness of the set of extreme points 
while in M n ,n > 3, it does not follow from the last property [I]. The full 
characterization of the stability property in finite dimensions is obtained in 
[T7] . In infinite dimensions stability is proved for unit balls in some Banach 
spaces, in particular, in all strictly convex Banach spaced and for the positive 
part of the unit ball in all strictly convex Banach lattice [8]. The Banach 
space X(7i) of all trace class operators is not strictly convex, but stability 
property for its subset Ti(H) can be easily derived from stability of the set 
&(H) proved in [21] (lemma 3). 



4 This theorem is a partial noncompact generalization of the results in L 4], concerning 
compact convex sets. The full generalization of these results to the class of /x-compact 
convex sets is obtained in [2D] . 

5 A Banach space is called strictly convex if its unit ball is strictly convex. 
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3 The convex hulls and the convex roofs 



3.1 Several notions of convexity of a function 

In what follows we will consider functions on the set &(Ti.) with the range 
[—00, +00], which are semibounded (lower or upper bounded) on this set. 
A semibounded function / on the set &(T~L) is called convex if 




for arbitrary finite ensemble {iii, p{\ of states in &(TC). 

We will use the following two stronger forms of convexity. 

A semibounded function / on the set &(H) is called a- convex if 




for arbitrary countable ensemble {i^i, Pi} of states in &{H). 

A semibounded universally measura bki function / on the set ©(H) is 
called p- convex if 

f( f PH(dp)) < [ f(p)p(d P ) 
\Je(H) J J&{H) 

for arbitrary measure p in P - continuous ensemble of states in &(7i). 
It is clear that 

/i-convexity =>- a-convexity =>- convexity 

for any universally measurable lower bounded function /. 

The simplest example of a convex Borel function on the set &(7i), which is 
not cr-convex and /z-convex, is the function taking the value on the convex 
set of finite rank states and the value +00 on set of infinite rank states. 
Difference between the above convexity properties can be also illustrated by 
the functions coif (which is convex but not cr-convex) and cx-co Inde(«<g>w)\A 
(which is cr-convex and bounded but not /i-convex) in examples [T] and [2] 
below. 

6 This means that the function / is measurable with respect to any measure in V [21j . 
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By the discrete Yensen's inequality (proposition A-l in the Appendix) 
convexity implies a-convexity for any upper bounded function on the set 
&{H). 

By the integral Yensen's inequality (proposition A-2 in the Appendix) all 
these convexity properties are equivalent for the classes of lower semicontin- 
uous functions and of upper bounded upper semicontinuous functions on the 
set 6(H). 

3.2 The convex hulls and the convex closure 

The convex hull of a semibounded function / on the set &(H) is defined as 
the greatest convex function majorized by / [HJ 122], which means that 

co/0)= inf f y>/( Pi ), pe®(H), (l) 

(where the infimum is over all finite ensembles { 7r^ , } of states with the 
average state p). 

The a -convex hull of a semibounded function / on the set &(T~l) is defined 
as follows 

a-cof(p) = inf J>^)> pe©(W), (2) 

(where the infimum is over all countable ensembles {rci, p{\ of states with 
the average state p) . The function a-cof is cr-convex since for any countable 
ensemble {Aj,o~j} with the average state a and any family {{ftij, p%j}j}i of 
countable ensembles such that cr, = ^ ■ TfijPij for all i the countable ensemble 
{XiiTij, Pij}ij has the average state a. Thus a-cof is the greatest a-convex 
function majorized by /. 

The p- convex hull of a Borel semibounded function / on the set &(H) is 
defined as follows 

p-co/(p)= inf f f(a)p(da), p E &(TC), (3) 
^Hp) Je(H) 

(where the infimum is over all probability measures p with the barycenter 
p). If the function p-cof is universally measura and p-convex then it 
is the greatest p-convex function majorized by /. By propositions [1] and [2] 

7 By using the results in [21] this can be proved for any bounded Borel function /. 
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below (taking with evident convexity of the function //-co/ and proposition 
A-2 in the Appendix) this holds if the function / is lower bounded lower 
semi continuous or upper bounded upper semicontinuous. 

The convex closure cof of a lower bounded function / on the set &(TC) 
is defined as the greatest convex lower semicontinuous (closed) function ma- 
jorized by / [2]. By the Fenchel theorem (see [Hj, [22]) the function cof 
coincides with the double Fenchel transformation of the function /, which 
means thatfl 

cof(p) = f**(p) = sup [Tr Ap - f*(A)\ , P e&(H), (4) 
Ae«8+(W) 

where 

f*(A)= sup [TrAp-f(p)}, AeK + (K). 

It follows from the definitions and proposition A-2 in the Appendix that 

co/(p) < //-co/(p) < o--cof(p) < co/(p), p E &(H), 

for arbitrary Borel lower bounded function / on the set &(7i). It is possible to 
prove (see corollary [Q below) that the equalities hold in the above inequality 
for arbitrary continuous bounded function / on the set &(Ti). The following 
examples show that the last assertion is not true in general. 

Example 1. Let H be the von Neumann entropy and po be a state 
such that H(pq) = +oo. Since the set of states with finite entropy is convex 
co-ff(po) = +oo while the spectral theorem implies cr-coiJ(p ) = 0. 

Example 2. Let / be the indicator function of the complement of the 
closed set A s of pure product states in &(H®TC) and uj q be the separable state 
constructed in [12] such that any measure in V{ Uo y(&(7i® TC)) have no atoms 
in A s - It is easy to show that cr-co/(c<Jo) = 1, but p-cof(uo) = since lemma 
1 in [12J implies existence of a measure p m ^{wo}(®C^ ® ^0) supported by 
the set A s . Note that a-cof is a po _m tegrable cx-convex bounded function on 
the set &{H <g> TC), for which Jensen's inequality does not hold: 

1 = a-cof(uo) > / a-cof(u)po(duj) = 

8 To obtain the below expression from the Fenchel theorem it is necessary to consider 
the extension / of the function / to the real Banach space 1^(7^) by setting / = +oo on 
%h(n) \ and to use coincidence of the space Q5/ l ('H) with the dual space of T/^W). 
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(since the functions cr-cof and / coincide on the support of the measure fj, ). 

Example 3. Let / be the indicator function of a set consisting of one 
pure state. Then p-cof = / while cof = 0. 

Property A of the set &(T~l) implies the following result ([27], theorem 1). 

Proposition 1. Let f be a lower semicontinuous lower bounded func- 
tion f on the set &(TL). Then the p-convex hull of this function is lower 
semicontinuous , which means that 

co/(p) = p-cof(p) = inf f f(a)fi{da), pe&{H), (5) 

^ V { P } J&(H) 

where the infimum is achieved at some measure in V{ p ] . 

Property A is an essential condition of validity of representation (jSJ) for 
the convex closure. This is confirmed by the following observation. 

Remark 1. The analog of representation |3]] holds for any lower semi- 
continuous lower bounded function f on arbitrary bounded convex closed sub- 
set of the positive cone of the Shatten class of order p if and only if p — 1. 
Moreover, ifp > 1 then the analog of representation (TJP is not valid in general 
even for concave continuous bounded function f. 

The assertion concerning the case p = 1 follows from proposition 3 in [28J . 
As an example for the case p > 1 one can consider the function /(•) = 1 — 1| • || p 
on the positive part A p of the unit ball of the Shatten class of order p > 1. 
Since the extreme point of the set A p can be approximated in the || • || p -norm 
topology by convex combinations of operators in A v with the unit norm we 
have cof (0) = while />co/(0) = f(0) = 1. □ 

Representation (jSJ) implies, in particular, that the convex closure of arbi- 
trary lower semicontinuous lower bounded function on the set &(7i) coincides 
with this function on the set extr(3(7i) of pure states. The simple modifica- 
tion of the example in remark [1] shows that this coincidence does not hold in 
general even for concave continuous bounded function on noncompact sim- 
plex with closed countable set of isolated extreme points. 

Note also that the condition of lower boundedness in proposition [T] can 
not be dropped since by lemma [2] below any convex lower semicontinuous 
function on the set &(TC) is either lower bounded or does not take finite 
values. 

Property B of the set &(Ti.) implies the following result. 

Proposition 2. Let f be an upper semicontinuous function on the set 
&(7i). Then the convex hull cof of this function is upper semicontinuous . 
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If in addition the function f is upper bounded then the convex hull, the 
o-convex hull and the p-convex hull of this function coincide: 

cof = cr-cof = p-cof. 

Proof. Upper semicontinuity of the function cof can be proved by using 
the more general assertion of lemma H] in section 4 since for arbitrary sequence 
{p n } of states in &(H), converging to a state p , lemma 3 in [TTJ implies 
existence of such fj-operator H in the space H that sup n>0 TrHp n < +00. 

Coincidence of the functions cof and p-cof under the condition of upper 
boundedness of the function / is easily proved by using upper semicontinuiuty 
of the function p \-> J 6 ^ f(p)p(dp) on the set V(&{H)) and density of 
measures with finite support in the set of all measures with given bary center 
(lemma 1 in pTj|). ^ 

The above example [3] shows that the condition of proposition [2] does not 
imply coincidence of the function cof with the function p-cof = cr-cof = cof. 

The above two propositions have the following obvious corollary. 

Corollary 1. Let f be a continuous lower bounded function on the set 
&(TC). Then the convex hull cof is continuous on any subset of &(TC), where 
it coincides with the p-convex hull p-cof . 

If in addition the function f is upper bounded then 

• the convex hull, the a-convex hull, the p-convex hull and the convex 
closure of the function f coincide: cof = p-cof = cr-cof = cof ; 

• the function cof = p-cof = cr-cof = cof is continuous. 

By using proposition [T] it is easy to show that (under the condition of the 
first part of corollary [Q the necessary and sufficient condition of coincidence 
of the functions cof and p-cof at a state p G &(T~C) consists in validity of 
the Jensen's inequality co/(po) < / co f(p)n(dp) f° r an Y measure p in V{ Po } 
(the convex function cof is Borel by proposition [2]). The particular sufficient 
condition of this coincidence is considered in corollary [6] in section 4. 

We will use the following approximation result. 

Lemma 1. Let f be a Borel lower bounded function on the set &(7i). 
For arbitrary state po in &(H) there exists a sequence {p n }, converging to 
the state po, such that 

limsupa-co/(p„) < limsupco/(p n ) < p-cof (p Q ). 

n— >+oo n— >+oo 
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// in addition the function f is lower semicontinuous then 

lim a-cof(p n ) = lim co/(p n ) = p-co/(p ). 

n— >+oo n— >+oo 



Proof. It is sufficient to consider the case of nonnegative function /. For 
given natural n let p n be a measure in V{ Po } such that 



p-cof(p )> / f(p)p n (dp) -1/n. 
Je(H) 

Since the set &(H) is separable there exists sequence {^4™} of Borel subsets 
of &{H) with diameter < 1/n such that &{H) = \J { A? and A? n ^ = if 
j 7^ z. Let m = m(n) be such number that ^J^t+i Pn(*4r) < 1/n. Without 
loss of generality we may assume that p n (Af) > for i = l,m. For each i 
the set A™ contains a state p™ such that /(p") < (/i n (^4"))~ 1 f(p)p n (dp). 

Let £ n = U£i4" Consider the state p n = {p n {B n )Y l YZi 
We want to show that 

lim p n = po- (6) 

n— >+oo 

For each z the state p™ = (/i n (^4")) _1 J\ „ pp n (dp) lies in the set co(.A™) 

with diameter < 1/n. It follows that ||p" — p™||i < 1/n for i = l,m. By 
noting that p ri {B Tl ) = Y^iLi^n{A^) we have 

\\pn - PO || 1 = 



pp: n (dp) - I pp n (dp)\\i 

&{H)\B n 



lib lib n 

i=l »=1 ■^- 4 ™ 

m „ 

<^p n (^)ii(^(i3 n ))-vr- priii + ii / PP^dp)h 

i=1 Je(H)\B n 

m 

< (1 - Mn(S n )) + EMA")IIP? " Prill + Pn(6(^)\^n) < 3/fl 
i=l 

which implies (jSJ). 
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By the choice of the states p™ we have 

m 

oo/w < ( /Un (s„,))- i ^/i ri (^)/(pr) 

i=l 
m „ 

<( /Un (s n ))- 1 ^ / /(pK(rfp) 

< (Vn(Bn))- 1 [ f(p)Vn(dp) < (1 - l/n)- 1 (/i-co/(p ) + 1/n). 

This implies the first assertion of the lemma. By proposition [T] the second 
assertion follows from the first one (since cr-cof > //-co/ = oof) ■ □ 

We will also use the following corollary of boundedness of the set &(TC) 
subset of %{H). 

Lemma 2. Let f be a concave upper semicontinuous function on convex 
subset A C <5(TC). If the function f is finite at a particular state in A then 
it is upper bounded on the set A. 

Proof. Let p be such state in A that /(po) = c 7^ ±00. Without 
loss of generality we can consider that cq = 0. If there exists a sequence 
{pn} C A such that lim n ^ +00 f(p n ) = +00 then the sequence of states 
a n = (1 — A n )po + X n Pn in -4, where A n = (/(pn))" 1 , converges to the state 
Po by boundedness of the set A and f(a n ) > X n f(Pn) = 1 by concavity of 
the function /, contradicting to upper semicontinuity of this function. □ 

3.3 The convex roofs 

In the case dim Tt < +00 any state in &(H) can be represented as the average 
state of some finite ensemble of pure states. This provides correctness of the 
following convex extension to the set &(H) of an arbitrary function / defined 
on the set extx&(TC) of pure states 

Up)= inf^ yZnfipi), pe&(H), (7) 

{*i,Pi}€P\ p} • 

(where the infimum is over all finite ensembles {iTi, p^ of pure states with 
the average state p). Following [30] we will call this extension the convex 
roof of the function /. The notion of convex roof plays essential role in 
quantum information theory, where it is used in particular for construction 
of entanglement monotones (see section 5 below). 
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In the case dim7Y = +00 we can consider the following two generalizations 
of the above construction. 

The a -convex roof of a semibounded function / on the set extr6(7i) of 
pure states is the function f£ on the set &(H) defined as follows 

f:( P )= inf^ P ee(H), (8) 

{7r 4 ,pi}GP{ p } i 

(where the infimum is over all countable ensembles {^i, pi} of pure states 
with the average state p). Similar to the case of function o-cof it is easy 
to show cr-convexity of the function f£. Thus f£ is the greatest a-convex 
extension of the function / to the set &(TC). 

The p-convex roof of a semibounded Borel function / on the set exti&(H) 
of pure states is the function /** on the set &(H) defined as follows 

fZ(p)= inf f f(a)p{da), p E &{TC), (9) 

^eV {p} JextT&(H) 

(where the infimum is over all probability measures p supported by pure 
states with the barycenter p). If the function f£ is universally measura 
and /i-convex then it is the greatest /i-convex extension of the function / to 
the set &{7i). By propositions [3] and |4] below (taking with evident convexity 
of the function /£* and proposition A-2 in the Appendix) this holds if the 
function / is lower bounded lower semicontinuous or upper bounded upper 
semicontinuous. 

Property A of the set &(H) (in fact, of the set extr(5(7Y)) implies the 
following result Q27J, theorem 2). 

Proposition 3. Let f be an arbitrary lower semicontinuous lower bounded 
function on the set extr(5(7Y). Then 

• the function fjf is the greatest lower semicontinuous convex extension 
of the function f to the set &(H); 

• for arbitrary state p in &(TC) the infimum in the definition of the value 
f£(p) in (0|) is achieved at some measure in V{ P }(&(TC)). 

9 By using the results in [21] this can be proved for any bounded Borel function /. 
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Importance of property A in the proof of this proposition is illustrated 
by the following observation. 

Remark 2. The assertion of proposition^ holds for any bounded convex 
closed subset A (in the role of the set &(H) ) of the positive cone of the Shat- 
ten class of order p with c/osei^l set extr^4 if and only ifp = 1. Moreover, if 
p > 1 then this assertion is not valid in general even for continuous bounded 
function f . 

The assertion concerning the case p — 1 follows from theorem 2 in [28J. 
In the case p > 1 the obvious modification of the example in remark [1] shows 
existence of continuous bounded function on the closed set extr A p having no 
convex lower semicontinuous extensions to the set A p = co(extr^4 p ). □ 

Property B of the set &(H) implies the following result ([27], theorem 2). 

Proposition 4. Let f be an upper semicontinuous upper bounded function 
on the set extr(5(7Y). Then 

• the a-convex roof and the fi-convex roof of the function f coincide: 

f a = f^- 

J * J * 5 



• the function f° = fff is upper semicontinuous on the set &{7~t) and co- 
incides with the greatest upper bounded convex extension of the function 
f to this set. 

The above two propositions have the following obvious corollary 
Corollary 2. Let f be a continuous bounded function on the set extr(5(7i). 

Then the function fl = f£ is continuous on the set &{H). 

By this corollary for arbitrary continuous bounded function on the set of 

pure states there exists of at least one continuous bounded convex extension 

to the set of all statesf"1 

10 By using this condition and analog of property A for the set A one can prove (see [20]) 
that any element of the set A can be represented as the barycenter of some probability 
measure supported by the set extr.4, which implies correctness of the definition of the 
//-convex roof. 

11 The analogous assertion for a compact convex set (in the role of &(H)) is equivalent 
to closeness of the set of its extreme points [13l corollary 2] , but this result is not valid for 
general noncompact subsets of a separable Banach space. 
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3.4 The convex hulls of concave functions 



In the case dim7i < +00 it is easy to show that the convex hull of arbitrary 
concave function / defined on the set &(T~C) coincides with the convex roof 
of the restriction /| ex tr6(H) °f this function to the set extx&(TC). By stability 
of the set &(7i) (property B) continuity of the function / implies continuity 
of the function cof = (/| ex trS(W))*- 

In the case dim 7i = +00 the analog of this observations is established in 
the following proposition. 

Proposition 5. Let f be a concave semibounded function on the set & (H) 

If the function f is lower bounded then cr-co / = (/|extr6(w)) + ■ If ^ n 
addition the function f is lower semicontinuous then /i-co/ = (/| e xtre(«))* 
and this function is lower semicontinuous . 

If the function f is upper semicontinuous (correspondingly continuous and 
lower bounded) then 

co f = cr-C0/ = /i-C0/ = (/|cxtre(W))* = (/|cxtr6(«))* 

and this function is upper semicontinuous (correspondingly continuous). 

Proof. To show coincidence of the functions cr-co/ and (/| e xtre(W))^ 
(correspondingly of the functions /i-co/ and (/| ex tre(H))^) it is sufficient to 
prove the inequality cr-co/ > (f\extr&(H)) (correspondingly the inequality 

/i-CO/ > (/|extrS(W))*)- 

The fist inequality for the concave lower bounded function / directly fol- 
lows from the discrete Yensen's inequality (proposition A-l in the Appendix). 

Let / be a lower bounded lower semicontinuous concave function and po 
be an arbitrary state. By lemma [TJ there exists sequence {p n }, converging 
to the state po, such that lim n ^ +00 cr-co/ (p„) = /i-co/(po)- By the above 
assertion we have 

0--C0f(p n ) = (/lextrS(K))^ {Pn) > (/lcxtrS(H))^ (Pn), V?l. 

By proposition [3] the function (/| ex trS(W)) M is lower semicontinuous. Hence 
passing to the limit n — > +00 in the above inequality leads to the inequality 
p-cof(po) > (/lextre^))^ (po)- This implies the first assertion of the propo- 
sition. 

Let / be an upper semicontinuous concave function taking not only the 
values ±00. By lemma [2] this function is upper bounded. Propositions [2] and 
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Himply respectively cof = a-cof = /i-cof and (/| ex tr©(K))* = C/"|extr©(K))£ as 
well as upper semicontinuity of these functions. Since cof > (/| ex tr6(H))* by 
proposition A-2 in the Appendix and p-cof < (/| ex tre(w))* by the definitions, 
this implies the second assertion of the proposition. 

The assertion concerning concave continuous lower bounded function / 
follows from the previous ones. □ 

3.5 One result concerning the convex closure 

It is well known that for arbitrary increasing sequence {f n } of continuous 
functions on a convex compact set A, pointwise converging to a continuous 
function f , the corresponding sequence {cof n } converges to the function 
co/o@ It turns out that /i-compactness of the set &(H) (property A) implies 
(in fact, means, see remark [3] below) the analogous observation. 

Proposition 6. For arbitrary increasing sequence {f n } of lower semicon- 
tinuous lower bounded functions on the set &(7i) and arbitrary converging 
sequence {p n } of states in &{H) the following inequality holds 

liminf cof n (p n ) > co/ (po), where f = lim f n and p = lim p n . 

n^+oo n— >+oo ra— >+oo 

In particular 

lim co/ n (p) = cofo(p), yp £ 6(H). 

n— >+oo 

Remark 3. Property A of the set &(H) can be derived from validity of 
the last assertion of proposition [6j Moreover, the following stronger version 
of this statement can be proved (see Appendix 7.2). 

Let A be a convex bounded closed subset of a separable Banach space. If 
for arbitrary increasing sequence {f n } of concave continuous bounded func- 
tions on the set A with continuous bounded pointwise limit f the sequence 
{co/ n } pointwise converges to the function co/ then the analog of property 
A holds for the set A. □ 

Proof of proposition [HI For arbitrary Borel function g on the set 
and arbitrary measure p G V we will use the following notation: 




g{a)p(da). 



12 It follows from Dini's lemma. The importance of the compactness condition can be 
shown by the sequence of the functions f n {x) — exp(— x 2 /n) on R, converging to the 
function fo(x) = 1, such that cof n (x) = for all n. 
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Without loss of generality we may assume that the sequence {/ n } consists 
of nonnegative functions. Suppose there exists such sequence {p n }, converg- 
ing to the state po, that@ 

cofn(Pn) < co/ (po) -A, A > 0, Vn. 

By representation (j3J) there exists such continuous affine function a on 
the set 6(H) that 

a(p)<f (p), Wpee(H), and co/ (po) < «(po) + |A. (10) 

Let N be such number that \a(p n ) — a(po)| < |A for all n > N . 
By proposition [1] for each n there exists such measure p n G V{ Pn } that 
cofn(Pn) = Pn(/n)- Since the function a is affine we have 

Pn(a) - Pn(fn) = Ot{p n ) ~ Cofn(pn) 

= [a(p n ) - a(po)) + [a(p ) -co/ (po)] + [co/o(Po) -cofn(Pn)] (H) 

> -|A - f A + A = ±A, Vn > AT. 

Property A of the set £>(7i) implies relative compactness of the sequence 
{p n }. Hence by Prokhorov theorem (see [3], [18]) this sequence is tight, which 
means existence of such compact subset K £ C &(H) for each e > that 
p n {&(H) \ /C e ) < e for all n. 

Let M = sup pgS( - W ) |a(p)| and e = ^jjj- By ( TTTh for all n > N we have 

/ (a(p) - f n {p))p n {dp) > f A - / (a(p) - f n {p))yL n {dp) > JA. 

J/c £0 Je(H)\ic eo 

Hence, the set C„ = {p 6 /C £o | a(p) > / n (p) + |A} is nonempty for all n > N. 

Since the sequence {f n } is increasing the sequence {C n } of closed subsets 
of the compact set fC £0 is monotone: C n+ i C C n , Vn. Hence there exists 
p* G fln^n- This means that a(p*) > f n (p*) + |A for all n, and hence 
a(p*) > /o(p*), contradicting to (TTUT) . □ 

Corollary 3. For arbitrary increasing sequence {f n } of lower semicontin- 
uous lower bounded functions on the set extr&(H) and arbitrary converging 
sequence {p n } of states in &{Ti.) the following inequality holds 

liminf(/ n )^(p n ) > (/ )*(po), where f = lim f n and p = lim p n . 

n— >+oo n^+oo n— ++00 

13 We assume below that fo(po) < +00. The case /o(po) = +00 is considered similarly. 
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In particular 



lim (/ n )?(p) = (f )M, Wp e 6(H). 



Proof. By theorem 2 in [27] for every lower semicontinuous lower bounded 
function / on the set extr(5(7i) the function 



is a lower semicontinuous lower bounded concave extension of the function 
/ to the set &{TL). It is clear that for arbitrary increasing sequence {/„} of 
lower semicontinuous lower bounded functions on the set extr(5(7i), converg- 
ing to the function f Q , the corresponding increasing sequence {f£} converges 
to the function /q on the set Thus the assertion of the corollary can 

be derived from proposition [H] by using propositions [T] and 

Remark 4. The /z-convex roof can not be changed by the a-convex 
roof in corollary [3j Indeed, let / be the characteristic function of the set 
extr©(7^ (g> TC) \ A s and ojq be the separable state considered in example [2j 
By the proof of lemma 1 in [27] this function / can be represented as a limit 
of the increasing sequence {f n } of continuous bounded functions on the set 
extr&(TC (g> TC). Since by corollary [2] (/ n )£ = for all n, corollary and 

the property of the state ujq imply 



Remark 5. The monotonous convergence theorem implies the following 
results dual to the second assertions of proposition [6] and of corollary [3j 

For arbitrary decreasing sequence {f n } of upper semicontinuous uniformly 
upper bounded functions on the set &{TC) the following relation holds 

lim p-cof n (p) = fircofo(p), Wp e &(TC), where f = lim f n . 

n— >+oo n^+oo 

For arbitrary decreasing sequence {f n } of upper semicontinuous uniformly 
upper bounded functions on the set extr(5(7i) the following relation holds 




lim (f n ):(u Q ) = (MM = 0, while (/ )J(w ) = 1- 



lim (f n )!(p) = (f Q )M, Vp G &(H), where f 



lim /, 
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By using corollary [TJ proposition [BJ the first assertion of remark and 
Dini's lemma the following result can be easily proved. 

Corollary 4. Let {ft}teTCR be a family of continuous bounded functions 
on the set &{1~C) such that 

• /ti(p) < ft 2 (p) f or a U P e &CH) and all ti,t 2 G T such that t x < t 2 ; 

• the function T 3 1 1— *■ ft(p) is continuous for all p G &(7i). 

Then the function &(7i.) x T 3 (p,t) i— > co ft(p) is continuous. 

By using corollary [2J corollary El the second assertion of remark and 
Dini's lemma the analogous result can be proved for the /i-convex roof of a 
family of continuous bounded functions on the set extr(5(7i). 

4 The main theorem 

Let a be a lower semicontinuous affine function on the set &(H) with the 
range [0, +oo]. Consider the family of closed subsets 

A c = {pe e(H) | a(p) < c}, c G R+. (12) 

In the following theorem the properties of restrictions of convex hulls to the 
subsets of this family are considered. 

Theorem 1. Let f be a Borel lower bounded function on the set &(H) 
and a be the above affine function. If the function f has upper semicontinuous 
bounded restriction to the set A c for each c > and 

limsup c~ l sup f(p) < +oo (13) 

then 

cof(p) = o--cof(p) = p-cof(p) 

for all p G U c >o an< ^ common restriction of these functions to the set 
A c is upper semicontinuous for each c > 0. 

If in addition the function f is lower semicontinuous on the set &(H) 
then 

cof(p) = a-cof(p) = (Jrcof(p) = cof(p) 
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for all p G U c >o an ^ ^ e common restriction of these functions to the set 
A c is continuous for each c > . 

Proof. Without loss of generality we can assume that / is a nonnegative 
function. 

Let po be a state such that a(po) = Co < +00. By the condition 
p-cof(po) < f(po) < +00. Let e > be arbitrary and (jlq be such mea- 
sure in V{ po } that 

/ f(p)fi (dp) < p-cof(po) + £. 
Jg(h) 

Condition f[T3"j) implies existence of such positive numbers c* and M that 
f(p) < Ma(p) for all pe&(H)\ A c ,. 

Note that \im c ^ +OD p (A c ) = 1. Indeed, it follows from the inequality 



CfJl0 {e{n) \ Ac) < [ a(p)p (d P )+ [ 

J Ac Je 



a(p)p (dp) = a(p ) = c 

G(H)\Ac 



obtained by using corollary A in the Appendix that 

H (e(H)\A c )<^. 

c 

Thus the monotonous convergence theorem implies 



lim / a(p)p (dp) = lim (a(p ) - / a(p)/z (dp)) = 0. 

>&(H)\Ac c ~" + °° J Ac 



Let c* > c* be such that Jg^wi , Oi{p)po{dp) < e. By lemma [3] below 
there exists sequence {p n } of measures in V\ pQ \ weakly converging to the 
measure po such that p n (A c *) = po(A c *) and f e f n \\ A t o:(p)p n (dp) < e for 
all n. Since the function / is upper semi continuous and bounded on the set 
A c * we have (see [3]) 

lim sup / f{p)Hn(dp) < / f(p)p (dp). 

rw+oo J A c * J A c * 

Hence by noting that 



f(p)p n (dp) < M / a(p)p n (dp) <Me, n = 0, 1, 2... 

&{H)\A C * J&(H)\Ac* 
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we obtain 



co/(p ) < Hminf / f(p)p n (dp) < limsup / f(p)p n (dp) + M£ 

'©(H) n->+oo Ja c * 



< [ f{p)p {dp) + Me< p-cof(p ) + e{M + 1). 
Je(H) 

Since e is arbitrary this implies cof(p ) = p-cof(p ). 

The proof of the first assertion of the theorem is completed by applying 
lemma H] below. 

By proposition [1] the second assertion of the theorem follows from the 
first one. □ 

Lemma 3. Let a be a lower semicontinuous function on the set &(7~t) 
with the range [0, +oo] and po be an arbitrary measure in V. For given 
arbitrary c > there exists a sequence {p n } of measures in ^f^u converging 
to the measure po such that 

Pn(A c ) = po(A c ) and / a(p)p n (dp) = / a(p)p (dp) 

Je(H)\A c J6(H)\Ac 

for all n, where A c is the subset of &(H) defined by FH3i). 

Proof. This lemma can be proved by the simple modification of the proof 
of lemma 1 in consisting in finding for given n of such decomposition of 
the set &(H) into collection {^4™}^| 2 of m + 2 (m = m(n)) disjoint Borel 
subsets that 



the set A^ has diameter < 1/n for i = 1, m; 
M^n+i) < 1/™ and M-4m+ 2 ) < I/™; 



• the set A? is contained either in A c or in &(H) \ Ac for % — 1, m + 2. 
The essential point in this construction is the following implication 

ACB^ MA))' 1 / ppo(dp) G B, where B = A c , G(H) \ A c , 
J A 

and the equality 

J^a(p)p (dp) = p (A) a (jj^y f A W°( d P)) ' A ^ 6 (^)' Vo(A) + 0, 
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easily proved by using corollary A in the Appendix. □ 

The contribution of property B of the set ©(H) to the proof of the above 
theorem is based on the following lemma. 

Lemma 4. Let a be a lower semicontinuous function on the set &(7i) 
with the range [0, +00] and f be a function on the set &(7i), which has upper 
semicontinuous restriction to the set A c defined by |U| ) for each c > 0, then 
the function cof has upper semicontinuous restriction to the set A c for each 
c > 0. 

Proof. Let p £ -A Co and let {p n } C A CQ be an arbitrary sequence 
converging to the state po- Suppose there exists 

lim co/(p n ) > cof(po). (14) 

n— >-+oo 

For given arbitrary e > let {7if,p°}™i be such ensemble in V 1 ^^ that 
Y^iLi^i f {pV) < co /(Po) + £• By property B of the set &(TL) (in the form 
of lemma 3 in [21]) there exists sequence {{vr™, p™}^}™ of ensembles such 
that YjT=i ^i Pi = Pn f° r a H n i lim n ^ +00 7r™ = 7r° and lim n ^ +00 p™ = p° for all 
i = l,m. Let 7r* = mini<j< m 7if. Then there exists such iV that 7r" > 7r*/2 
for all n> N. It follows from inequality X]^=i ^r^PD = a i.Pn) < c that 
p™ G .4.2co for all n > and i = l,m. By upper semicontinuity of the 

function / on the set A^q we have 

m m 

limsupco/(p n ) < limsup^7r"/(p") < ^7T?/(p?) < co/(po) +£, 

which contradicts to (I14p since e is arbitrary. □ 

Remark 6. If / is a concave function then condition fflBl follows from 
boundedness of the restriction of this function to the set A c for each c. Indeed, 
for arbitrary affine function a concavity of the function / on the set &(7i) 
implies concavity of the function c 1— > sup peAc f(p) on the set R + , hence its 
finiteness guarantees validity of condition f[T3"j) . If the function / has lower 
bounded upper semicontinuous restriction to the set A c then by lemma [2] 
boundedness of this restriction follows from its finiteness at least at one 
state. □ 

By this remark theorem [T] and proposition imply the following result. 

Corollary 5. Let f be a concave lower semicontinuous lower bounded 
function and a be a lower semicontinuous affine function on the set &(7i) 
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with the range [0,+oo]. If the function f has continuous restriction to the 
set A c defined by fTB) for each c > then 

C0/(/£>) = O--Cof(p) = fJrCOf{p) = C0/(p) = (/|extre(W))* (p) = (/ |cxtr6(H) ) * (p) 

/or a// p G U c >o anc ^ ^ e common restriction of these functions to the set 
A c is continuous for each c > . 

Theorem [I] also implies the following two observations. 

Corollary 6. Let f be a Borel lower bounded function on the set &(H) 
and po be an arbitrary state in &(H). If there exists affine lower semi- 
continuous function a on the set &(H) with the range [0, +oo] such that 
a(po) < +oo, the function f has upper semicontinuous bounded restriction 
to the set A c defined by [W\l for each c > and condition (T73j) holds then 

cof(po) = a-cof(p ) = p-co/(p ). 

Corollary 7. Let f be a lower semicontinuous lower bounded function on 
the set &(H) and {p n } be an arbitrary sequence of states in &(H) converging 
to the state po- If there exists affine lower semicontinuous function a on the 
set &(H) with the range [0, +oo] such that snp n a(p n ) < +oo, the function 
f has continuous bounded restriction to the set A c defined by (TT^j for each 
c > and condition (T73p holds then 

COf(p n ) = 0--C0f(p n ) = p-Co/(p n ) = Co/(p n ), 71 = 0, 1, 2..., (15) 

and 

lim co/(p n ) = co/(p ). (16) 

n— >+oo 

Remark 7. If / is a concave function then condition (|T3|) in corollaries 
[6] and [7] can be replaced by the condition sup pe _4 c /(p) < +oo for all c > 
by remark EJ □ 

Example 4. Let $ : T(7Y) i— > T(7Y') be an arbitrary quantum channel 

loKTr$(/>F 

and &(H) 3 p i— > (R p o $)(p) = ^ _ ^ 1 be the output Renyi entropy of 

this channel of order p G (0, +oo] (the case p = 1 corresponds to the output 
von Neumann entropy — Tr$(p) log $(p), the case p = +oo corresponds to 
the function — log A max ($(p)), where A max ($(p)) is the maximal eigenvalue 
of the state $(p)). For p G (0, 1] the function R p o $ is lower semicontinuous 
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concave and takes values in [0, +00], while for p G (l,+oo] it is continuous 
and finite but not concave. The output von Neumann entropy Ho§ = R 1 o$ 
is the supremum (pointwise limit as p — > 1 + 0) of the monotonous family of 
functions {R p o $} p >i. By proposition [6] the convex closure co(H o $) of the 
output von Neumann entropy coincides with the supremum (pointwise limit 
as p — » 1 + 0) of the monotonous family of functions {co(_R p o $)} p>1 . 
Corollary [H] makes possible to show that 

co( J R p o$)(p ) = a-co(R p o<S>)( Po ) = /jrCo(RpO<$>)(p ) = co(i? p o$)( Po ) (17) 

for any state p suc h that (H o $)(po) < +00 all p G [l,+oo]. Indeed the 
condition if ($(po)) < +00 implies existence of such i>operator H' in the 
space W that Trexp(-XH') < +00 with A = 1 and TrH'$(p ) < +00. By 
proposition 1 in [26] the conditions of corollary [6] are fulfilled for the function 
f(p) = (R p o $)(p) < (H o $)(p), p G [l,+oo], with the affine function 
a(p) = M"'$(p). Note that if (H o $)(p ) = +00 then §TB) may not be 
valid (see lemma 2 in [25]). 

By corollary [1] the above coincidence of the convex hulls and continuity 
of the Renyi entropy for p > 1 imply continuity of the function co(R p o $) 
for p > 1 on the convex subset {p G ©(H) | (H o $)(po) < +00}. 

If the output von Neumann entropy H o $ is continuous on a particular 
subset ^4 C S(7Y) then by proposition 7 in [25] its convex closure co(H o $) 
is also continuous and coincides with the convex hull co(if o $) on this set. If 
the set A is compact then the above assertion on continuity of the function 
co(R p o $) and Dini's lemma imply uniform convergence of the function 
co(R p o $)|_4 = c6(R p o $)|_4 to the function co(H o $)|^ = co(if o $)| i4 
as p — > 1 + 0. This shows in particular that the Holevo capacity of the 
v4-constrained channel $ (see [11] ) can be determined by the expression 

C($,A) = lim sup ((R p o $)(p) - co(i? p o $)(p)) , 
p-»i+o pe ^ 

which can be used in analysis of continuity of the Holevo capacity as a func- 
tion of a channel (since the Renyi entropy is continuous for p > 1). 
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5 Entanglement monotones 



5.1 The basic properties 

Entanglement is an essential feature of quantum systems, which can be con- 
sidered as a special quantum correlation having no classical analogue. One 
of the basic tasks of the theory of entanglement consists in finding appro- 
priate quantitative characteristics of entanglement of a state in composite 
system and in studying their properties (see [I], [IS] and reference therein). 
In this section we consider infinite dimensional generalization of the "convex 
roof construction" of entanglement monotones and investigate its properties. 
This generalization is based on the results presented in the previous sections. 

Let Tt and K be separable Hilbert spaces. A state ui G &{TL®1C) is called 
separable or nonentangled if it belongs to the convex closure of the set of all 
product pure states in &(H <g> JC), otherwise it is called entangled. 

Entanglement monotone is an arbitrary nonnegative function E on the 
set &(H ® JC) having the following two properties (cf. [T9].[32]): 

EM-1) {E(uj) = 0} ^ {the state uj is separable}] 

EM-2a) Monotonicity of the function E under nonselective LOCC oper- 
ations. This means that 



for arbitrary state uj G &{H ® /C) and arbitrary LOCC protocol described 
by the Kraus operators {V^}. 

EM-2b) Monotonicity of the function E under selective LOCC operations. 
This means that 



E(u)>J2^E(coi), m^TrJ^Vi^, u { = Trf 1 ^^^ (19) 



for arbitrary state u G &(TC <8> /C) and arbitrary LOCC protocol described 
by the Kraus operators {V^}. 

The natural generalization of the above requirement is the following. 

EM-2c) Monotonicity of the function E under generalized selective LOCC 
operations. This means that for arbitrary state u G &{7i®fC) and arbitrary 
local instrument DJt with set of outcomes X the function x i— > E(a(x\ uj)) is 




(18) 



.i 



.i 
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/immeasurable on the set X and 



E(u) > / E(a(x\uj))ii w (dx) 




x 



(20) 



where /i w (0 = TtWI(-)(uj) and {cr(x| u;)}^,* are respectively the probability 
measure on the set X describing the results of the measurement and the 
family of posteriori states corresponding to the a priori state u> [5], [15]. 

Remark 8. By definition the function x i— > cr(x| a;) is /^-measurable 
with respect to the minimal a-algebra on (5(7i ® /C) for which all linear 
functionals h- > TrA^, A G 03 (7Y <S> /C), are measurable. By corollary 1 in 
[3T] this a-algebra coincides with the Borel a-algebra on & {7i®lC). Thus the 
function x i— > cr(a;|u;) is ^-measurable with respect to the Borel a-algebra 
on 6(7i (g> /C) and hence the function x i— ► i?(a(a;| a;)) is /immeasurable for 
arbitrary Borel function uj \— > £7(o;).n 

According to [19] an entanglement monotone is called entanglement 
measure if £"(0;) = if (Tr^) for any pure state u in &(H <S> JC), where H is 
the von Neumann entropy. 

Sometimes the following requirement is included in the definition of en- 
tanglement monotone (cf. [7]). 

EM-3a) Convexity of the function E on the set &{H <S> JC), which means 
that 



for any finite ensemble {TCi,u)i} of states in &(7i <g> K). This requirement 
is due to the observation that entanglement can not be increased by taking 
convex mixtures. 

The following two stronger forms of the convexity requirement are moti- 
vated by necessity to consider countable and continuous ensembles of states 
dealing with infinite dimensional quantum systems (cf. 

EM-3b) a-convexity of the function E on the set &(H®JC), which means 
that 



for any countable ensemble {7i"j,u;j} of states in &{7i®K,). This requirement 
implies that EM-2b guarantees EM-2a. 
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EM-3c) fi-convexity of the function E on the set &(7i<S>lC), which means 
that 

E[ ufi(dLu)) < / E(u)n(dw) 

for any Borel probability measure \x on the set &{7i <g> /C), which can be 
considered as a generalized (continuous) ensemble of states in &(H <g) K). 

In section 3 it is shown that these convexity properties are not equiva- 
lent in general. By Yensen's inequality (proposition A-2 in the Appendix) 
these properties are equivalent if the function E is either bounded and upper 
semi continuous or lower semicontinuous (requirement EM-5a below). 

EM-4) Subadditivity of the function E, which means that 

E(u! uj 2 ) < EM + E(uj 2 ) (21) 

for arbitrary states iO\ G &(T~L\ <8> /Ci) and u 2 G 6(7i 2 <S> A^)- 
This property implies existence of the regularization 

Etui®* 1 ) 

E*(u)= lim w66(H®4 

n— >+oo n 

In the finite dimensional case it is natural to require continuity of entan- 
glement monotone E on the set &(7i<g> K,). In infinite dimensions this require- 
ment is very restrictive. Moreover discontinuity of the von Neumann entropy 
implies discontinuity of any entanglement measure on the set &(H ® K) in 
this case. Nevertheless some weaker continuity requirements may be consid- 
ered. 

EM-5a) Lower semicontinuity of the function E on the set &(Tl <g> K). 
This means that 

lim inf E{uj n ) > E(uj ) 

for arbitrary sequence {u n } of states in &(Ti.<S>JC) converging to the state o;o 
or, equivalently, that the set of states defined by the inequality E{uj) < c is 
closed for any c > 0. This requirement is motivated by the natural physical 
observation that entanglement can not be increased by an approximation 
procedure. It is essential that lower semicontinuity of the function E im- 
plies that this function is Borel and that requirements EM-3a - EM-3c are 
equivalent for this function (by proposition A-2 in the Appendix). 

From the physical point of view it is natural to require that entangle- 
ment monotone is continuous on the set of states produced in a physical 
experiment. This leads to the following requirement. 
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EM-5b) Continuity of the function E on subsets of &{7i ® fC) with 
bounded mean energy. Let Hn and be the Hamiltonians of the quan- 
tum systems associated with the spaces 7i and /C correspondingly. Then the 
Hamiltonian of the composite system has the form Hn <g> 1% + In® Hk and 
hence the set of states of the composite system with the mean energy not 
increasing h is defined by the inequality 

Tr(H n ®I/c + In® Hk)u < h - 

Requirement EM-5b means continuity of the restrictions of the function E 
to the subsets of &{TC® JC) defined by the above inequality for all h > 0. 

The strongest continuity requirement is the following one. 

EM-5c) Continuity of the function E on the set &(TL ® /C). 

Despite infinite dimensionality there exists a nontrivial class of entangle- 
ment monotones for which this requirement holds (see example |5] in the next 
subsection.) 

5.2 The generalized convex roof constructions 

In the finite dimensional case a general way of producing of entanglement 
monotones is the "convex roof construction" (see [151 EE])- By this con- 
struction for given concave continuous nonnegative function / on the set 
&(H) such that 

r 1 (0) = extr6(H) and f(p) = f(UpU*) (22) 

for arbitrary state p in & {H) and arbitrary unitary U in TC, the corresponding 
entanglement monotone is defined as the convex roof (/ o 0| cx tr6(«<g>K:))* 
of the restriction of the function / o to the set extr(5(7i ® JC), where 
G : uj i— > Ttjcuj is a partial trace. By using the von Neumann entropy in the 
role of function / in the above construction we obtain the Entanglement of 
Formation Ep - one of the most important entanglement measures [2] . 

In the infinite dimensional case there exist two possible generalizations 
of the above construction: the cx-convex roof (/ o 0|cxtrS(-H®AC))* and the 
/i-convex roof (/ o Q\ extI& (n®K,))% of the function / o Q\ ext re(n^ic)- To simplify 
notations in what follows we will omit the symbol of restriction and will 
denote the above functions (/ o 0)£ and (/ o Q)% correspondingly. 

The results of the previous sections make possible to prove the following 
observations concerning the main properties of these generalized convex roof 
constructions. 
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Theorem 2. Let f be a nonnegative concave function on the set &(H) 
satisfying condition (dJ|). 

A-l) If the function f is upper semicontinuous then 

(/ o 0): = (/ o 0)£ = //-co(/ o 0) = a-co(/ o 0) = co(/ o 0), 

this function is upper semicontinuous and satisfies requirements EM-1, EM-2c 
and EM- 3c. 

A-2) // the function f is lower semicontinuous then the function (/ o 0)£ 
satisfies requirements EM-2b and EM-3b while the function (/°0)* coincides 
with the function co(/ o 0) and satisfies requirements EM-1, EM-2c, EM-3c 
and EM-5a\^\ 

B) If the function f is subadditiv ^ i/ien the functions (/°0)£ and (foQ)% 
satisfy requirement EM-4- 

C) Lei if -ft fre a positive operator in the space 7i. If the function f 
is lower semicontinuous and has finite continuous restriction to the subset 
K-H n ,h = {p G &(H) | TtH-hP < /i} /or eac/i /i > then 

(/o0):H = (/o6)?(«,) = co(/o6)(w) = co(/oe)(w), Vcu g |J AC HW 8/ K)ft , 

/i>0 

where JCH H ®i K ,h = {w 6 6(H®/C) Tr(H-H ® i^) a; < and £/ie common 
restriction of these functions to the set K,H n ®i Kt h is continuous for each h > 0. 
In particular, if H-^ is the Hamiltonian of the quantum system associated 
with the space TC then the functions (f o 0)^ and (f o 0)£ satisfy requirement 
EM- 5b. 

D) // the function f is continuous then 

(f ° ©): = (/ ° 0)£ = co(/ o 0) = co(/ o 0) 
and the function (f o 0)£ = (/ o 0)^ satisfies requirement EM-5c. 

Proof. By proposition lemma [2] and proposition A-2 in the Appendix 
upper semicontinuity of the function / imply 

(/ ° ©)£ = if ° ©): = /i-C0(/ o 0) = a-CoC/ o 0) = C0(/ o 0), 

14 The example in remark [9] below shows that the function (/ o 0)J may not satisfy 
requirements EM-1, EM-3c and EM-5a even for bounded lower semicontinuous function 
/■ r 

15 This means that /(pi<8>p2) < f(pi) + f(P2) for arbitrary pi 6 6(Wi) and p2 S 6(7^), 
where 7ii and are separable Hilbert spaces (we implicitly use the isomorphism between 
all such spaces). 
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validity of requirement EM-3c for the last function and its upper semiconti- 
nuity. 

By proposition [3] lower semicontinuity of the function / implies lower 
semi continuity of the function (/ o 0)£, t.i. validity of requirement EM-5a 
for this function. Hence proposition A- 2 in the Appendix implies validity of 
requirement EM-3c for the function (/ o 0)jjf in this case. 

Validity of requirement EM-3b for the function (/ o 0)£ follows from its 
definition. 

By repeating the arguments used in the proof of LOCC monotonicity 
of the convex roof of the function / o in the finite dimensional case (see 
[2], [IH]) and by using proposition A-l in the Appendix validity of requirement 
EM-2b for the function (/ o 0)£ can be proved. 

Consider requirement EM-2c. Let 9JI be an arbitrary instrument acting 
in the subsystem associated with the space K. If the function / is lower 
(corresp. upper) semicontinuous then the function (/ o 0)£ is lower (corresp. 
upper) semicontinuous and hence it is Borel. By remark [8] this guarantees 
/immeasurability of the function x \— > E(a{x\u)) for arbitrary state u in 
&(H ® K). 

Let u be a pure state. By locality of the instrument OH we have 

0(o>) = / Q(a(x\u))fj, UJ (dx) 
J x 

Since / is nonnegative concave lower semicontinuous or upper semicontinuous 
function, proposition A- 2 in the Appendix implies 

/o6(w)> / foe(a(x\cu))^(dx)> [ (/oeifHilw)^^), 
J x J x 

where the last inequality follows from proposition [5j 
Let uj be a mixed state. Prove first that 

(/ o 0)» > f(fo &Y:(a(x\ u))^(dx). (23) 
J x 

For given e > let {71,1,101} be such ensemble in V{ LV y(&(H <8> K,)) that 

(/oe);( w )>^f j /oe( Wj )- e . 
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By the observation concerning pure state ui we have 

(/o9):(a;)>5> / (/oe^KxI^K.W-e- (24) 
Jx 

By the Radon-Nicodym theorem the decomposition 

fi u (-) = Tr9Jl(-)H = ^vr.Tr^-)^) = J>^0 

i i 

implies existence of family {p^ of /immeasurable functions on X such that 

niHui(Xo)= / Pi{x)fi^{dx) 
Jx 

for arbitrary /immeasurable subset X C X and = 1 f° r /^-almost 

all x in A". Since 

/ a{x\ u))nu(dx) = y^7Tj / a(x\ui)fi Ui (dx) = a(x\uj i )p i (x)n u) (dx) 

J Xq j ■'•-to j #0 

for arbitrary /immeasurable subset A" C ,Y we have 

y^p t -(x)o-(x| Wi) = cr(x| u;) 

j 

for /i^-almost all x in X. 

Note that the function (/ o O)^ is cr-convex in the both cases. Indeed, if 
/ is an upper semicontinuous function this follows from its coincidence with 
the function (/°0)£, if / is a lower semicontinuous function then the convex 
function (/°0)£ is lower semicontinuous and hence /i-convex (by proposition 
A-2 in the Appendix). 

By using (1241) and a-convexity of the function (/ o 0)£ we obtain 



Jx • 



X — £ 



> / {foQ)t{a{x\Lo))^{dx)-e 
Jx 

which implies ( 1231) since e is arbitrary. 
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If / is an upper semicontinuous function then (/ o 0)£ = (/ o 0)£ and 
(PI) means ([20]) for the function B = (/o0)J = (/o 0)£. 

If / is a lower semicontinuous function then for a given arbitrary state 
to G 6(7i ® K.) lemma [1] and proposition [5] imply existence of a sequence 
{c<j n } C ©(7i ® /C) converging to the state such that 

hm (/oe):K) = (/oe){f(w). 

n— >+oo 

Inequality fl20l) for the function E = (f o 0)£ can be proved by applying 
inequality ff23l for each state in the sequence {u„} and passing to the limit 
n — > +oo by means of lemma A-2 in the Appendix and due to lower semi- 
continuity of the function (/ o 0)£. 

Consider requirement EM-1. Note that a state u is separable if and only 
if there exists a measure /i in V{^}(&(TC Cg> JC)) supported by pure product 
states [T2] . 

Let / be a lower semicontinuous function. By proposition [3] for arbitrary 
state uj in (5(7Y(g>/C) there exists a measure ix w in ^{^(©(Wfgi/C)) such that 
(/ ° ^)*{ UJ ) — J f ° @( ")/ i w(^ cr )- Hence validity of requirement EM-1 for 
the function (/ o 0)^ follows from the above characterization of the set of 
separable states. 

Let / be an upper semicontinuous function. Then the function 
(/ ° @)* — (/ ° @)* equals to zero on the set of separable states by the 
above characterization of this set. 

Suppose this function equals to zero at some entangled state uq. Then 
there exists local operation A such that the state A(u;o) is entangled and 
has reduced states of finite rank. By LOCC monotonicity of the function 
(/°@)* = proved before this function equals to zero at the entangled 

state A(u ). 

Let Tio be the finite dimensional support of the state Tr^A^o)- Then 
upper semicontinuous concave function / satisfying condition fl22|) has con- 
tinuous restriction to the set &(Hq). Indeed, continuity of this restriction at 
any pure state in (5(7i ) follows from upper semicontinuity of the nonnega- 
tive function / and condition (|22p while continuity of this restriction at any 
mixed state in (5(7i ) can be easily derived from the well known fact that 
any concave bounded function is continuous at any internal point of a convex 
subset of a Banach space (proposition 3.2.3 in [Ej). Since 

(/ ° © I e(M <»/c))* = (/ ° ©)*|s(« <g>K;) 
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we can apply the previous observation concerning lower semicontinuous func- 
tion / to show that equality (/ o 9)%(A(uq)) = implies separability of the 
state A(a>o), contradicting to the above assumption. 

B) If the function / is subadditive then the function / o is subadditive 
as well. Let //j G V{ U!i }(&(£i)), where Ci = Tii® /Q, i = 1,2, be arbitrary 
measures. The set of product states in extr©(£! <g> £ 2 ) can be considered as 
the Cartesian product of the sets extr(5(£i) and extr(5(£ 2 ). Hence on this 
set one can define the Cartesian product of the measures \i\ and // 2 , denoted 
by fi\ ® /i 2 , which can be considered as a measure in P{ Ul <su^}{&{C\ <g> £ 2 )) 
supported by the set of product states. By using this construction it is easy 
to prove subadditivity of the function (/ o 0)£. By the same arguments 
with atomic measures Hi and /a 2 one can prove subadditivity of the function 

(/oe):0 

C) If the function / is lower semicontinuous and satisfies the additional 
conditions in C, then the function / o G satisfies the conditions of corollary 
[5] with the affine function a(u>) = Tr(H n ® Ijc)co- 

D) Assertion D follows from proposition □ 

Remark 9. The function (/ o 0)£ may not satisfy the basic requirement 
EM-1 even for bounded lower semicontinuous function / (assertion A-2). 
Indeed, let / be the indicator function of the set of all mixed states in &(H) 
and u be such separable state that any measure in V{ UQ }{G{7i ® K)) has 
no atoms in the set of separable states [12J. Then it is easy to see that 
(/o6)JW = l (while (/o9)Jf(a;o) = 0!). 

The function (/ o 0)£ in the above example does not also satisfy require- 
ments EM-3c and EM-5a. This is a general feature of any cr-convex roof not 
coinciding with the corresponding //-convex roof. □ 

The above remark and the assertions of theorem [2] show that the function 
(/ ° @)* either coincides with the function (/ o ©)£ (if / is upper semi- 
continuous) or may not satisfy the basic requirement EM-1 of entanglement 
monotone (if / is lower semicontinuous). Thus the /i-convex roof construc- 
tion seems to be more preferable candidate on the role of infinite dimensional 
generalization of the convex roof construction of entanglement monotones. 
Thus we will use the following notation 

E f = (fo e)j 

16 In this case the measure m (8 ^2 corresponds to the tensor product of countable 
ensembles of pure states corresponding to the measures \x\ and \xi. 
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for arbitrary function / satisfying the conditions of theorem [2J 

Example 5. Generalizing to the infinite dimensional case the observation 
in [15] consider the family of functions 

Up) = 2(l-Trp Q ), a>l, 

on the set &(?{) with dim7i = +00. The functions of this family are nonneg- 
ative concave continuous and satisfy conditions (122]) . By theorem [2J E^ a is an 
entanglement monotone, satisfying requirements EM-1, EM-2c, EM-3c and 
EM-5c. In the case a = 2 the entanglement monotone E? 2 can be considered 
as the infinite dimensional generalization of the I-tangle [23J. By corollary H] 
the function (u, a) 1— > E* a (u) is continuous on the set &(TC <g> JC) x [1, +00). 
By corollary [3] the least upper bound of the monotonous family {E^ a } a> i of 
continuous entanglement monotones coincides with the characteristic func- 
tion of the set of entangled states. □ 

Example 6. Let R p {p) = -^pj-p be the Renyi entropy of order 

p G [0, 1] (the case p = corresponds to the function logrank(p), the case 
p = 1 corresponds to the von Neumann entropy — Trplogp). 

R p is a concave lower semicontinuous subadditive function with the range 
[0, +00], satisfying condition (1221) . By theorem [2J the function E Rp is an en- 
tanglement monotone, satisfying requirements EM-1, EM-2c, EM-3c, EM-4 
and EM-5a. In the case p = the entanglement monotone E Ro is an infinite 
dimensional generalization of the Schmidt measure [7] . In the case p = 1 the 
entanglement monotone E Rl = E H is an entanglement measure, which can 
be considered as an infinite dimensional generalization of the Entanglement 
of Formation [2] (see section 6). If inf{A > | Tr exp(— XH-^) < +00} = 
then theorem [2D implies that the entanglement measure E Rl = E H satisfies 
requirement EM-5b since the von Neumann entropy H = R\ is continuous on 
the set JCn n ,h ( see the observation in [33] or proposition la in [26]). The last 
assertion was originally proved in [25] as a corollary of the general continuity 
condition for the function E H = (HoQ)% = co(H o 0) obtained by using the 
special relation between the von Neumann entropy and the relative entropy. 

According to [31] the entanglement monotones of the family {E Rp } p€ \ 0j i\ 
can be called Generalized Entanglement of Formation. □ 
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5.3 Approximation 

In general entanglement monotones produced by the /z-convex roof construc- 
tion are unbounded and discontinuous (only lower or upper semicontinuous), 
which may lead to analytical problems in dealing with these functions. Some 
of these problems can be solved by using the following approximation result. 

Proposition 7. Let f be a concave nonnegative lower semicontinuous 
(correspondingly upper semicontinuous) function on the set &{7~t) satisfying 
condition $M) , which is represented as a limit of increasing ( correspondingly 
decreasing) sequence {f n } of concave continuous nonnegative functions on 
the set satisfying condition |Hj]. Then the entanglement monotone 

E* is a limit of the increasing (correspondingly decreasing) sequence {E^ n } n 
of continuous entanglement monotones. 

If in addition the function f satisfies condition C in theorem then the 
sequence {E* n } converges to the entanglement monotone E* uniformly on 
compact subsets of the set tCH n ®i K ,h f or eac h h > 0. 

Poof. The first assertion of this proposition follows from theorem [21 
corollary [3] and remark [5j The second assertion follows from the first one 
and Dini's lemma. □ 

6 Entanglement of Formation 
6.1 The definitions 

The Entanglement of Formation of a state a; of a finite dimensional composite 
system is defined in [2] as the minimal possible average entanglement over 
all pure state discrete finite decompositions of u (entanglement of pure state 
is defined as the von Neumann entropy of a reduced state). In our notations 
this means that 

E F = (Ho 0), = co(H o 6) = co(H o 0). 

The possible generalization of this notion is considered in [5J, where the 
Entanglement of Formation of a state uj of an infinite dimensional composite 
system is defined as the minimal possible average entanglement over all pure 
state discrete countable decompositions of lu, which means E F = (H o 0)£. 

The generalized convex roof construction described above with the von 
Neumann entropy H in the role of function / leads to the definition of EoF 
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as E C F = E H — (Ho 0)£ = co(H o 0) considered in [2"5f^l . by which the 
Entanglement of Formation of a state to of an infinite dimensional composite 
system is defined as the minimal possible average entanglement over all pure 
state continuous decompositions of u. 

An interesting open question is a relation between E F and E C F . It follows 
from the definitions that 



E d (uj) > E c f (uj), e6(H®)C). 



In [25j it is shown that 

E d F (u) = E c f (lu) (25) 

for arbitrary state u such that either H(Tt-^uj) < +00 or H(Tt^uj) < +00. 
Equality (125]) obviously holds for all pure states and for all nonentangled 
states, but its validity for arbitrary state to is not proved (up to my knowl- 
edge). Example in remark [9] shows that this question can not be solved by 
using only such analytical properties of the von Neumann entropy as con- 
cavity and lower semicontinuity. Note that the question of coincidence of 
the functions E F and E C F is equivalent to the question of lower semicontinu- 
ity of the function E F since E F is the greatest lower semicontinuous convex 
function coinciding with the von Neumann entropy on the set of pure states. 

Despite the fact that the definition of the function E F seems more reason- 
able from the physical point of view (since it involves optimization over en- 
sembles of quantum states rather then measures) the assumption of existence 
of a state ojq such that E f {ojq) 7^ E c f {uiq) leads to the following " nonphysical" 
property of the function E F . For each natural n consider local measurement 
{M£} fceN , where 

Mi = r^|i)(i|l ®!k and M k = \n + k - l)(n + k - 1| ® I K , k > 1. 

It is clear that the sequence {$ n = {M^} fcgN }„ of nonselective local mea- 
surements tends to the trivial measurement - identity transformation. Since 
the functions E F and E F satisfy requirement EM-2b and EM-3b we have 

+00 / +00 \ 

E f (lu ) > J2^E d F (cu k ) > E% \Y,-K k uj k = E d {$ n {u )) 

k=l \k=l J 



''In this paper the functions E F and E F are denoted E F and E F correspondingly. 
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and 

+00 

k=l 

where u>k is the posteriori state with the outcome k and is the probability 
of this outcome. 

Since for each k the state Tr^u^ has finite rank we have Ep{ujk) = Ep{uik) 
(by the result in [25J mentioned before). Thus the above inequalities imply 

E F {<f> n {u )) = E d F (j^TTfcWfcj < E c F (u ) 

for all n and hence 
limsup^($„(wo)) < E}(u ) - A, where A = E f (lu ) - E c f (lu ) > 0, 

n— >+oo 

despite the fact that the sequence {$„}„ of nonselective local measurements 
tends to the identity transformation. In contrast to this lower semicontinuity 
of the function Ep implies 

lim Ep(<S> n (u Q )) = E F (oj ) 

n— >+oo 

for arbitrary state loq and arbitrary sequence {$ n }n of nonselective LOCC-op- 
erations tending to the identity transformation. 

The another advantage of the function Ep consists in validity of require- 
ments EM-2c for this function while the assumption Ep 7^ Ep means that 
the function E F is not lower semicontinuous, which is a real obstacle to prove 
the analogous property for this function. 

6.2 The approximation by continuous 
entanglement monotones 

For given natural n > 1 consider the function 

&(H) 3 p h-> H n (p) = sup y^ TTjH^pi), 

i 

where the supremum is over all countable ensembles {7Tj, p^} of states of rank 
< n such that 7iiPi = p. It is easy to see that the function H n is concave 
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and that this function satisfies condition (I2"2"|) . has the range [0, logn] and 
coincides with the Neumann entropy on the subset of consisting of 

states of rank < n. By using the strengthen version of property A of the set 
&(H) it is shown in [29] that this function is continuous on the set &(TC) and 
that the increasing sequence {H n } pointwise converges to the von Neumann 
entropy on this set. 

By theorem [2] the function E n F = (H n o 9)£ = (H n o &)% = co(H n o 0) 
is an entanglement monotone satisfying requirements EM-1, EM-2c, EM-3c, 
EM-4 and EM-5c. It is easy to see that this function has the range [0, logn] 
and coincides with the function Ep on the set 

{uj G &(TL ® JC) | minjrankTrjco;, rankTr^u;} < n} . 

By proposition [7] the sequence {E F } provides approximation of the func- 
tion Ep on the set &(7i Cg) JC), which is uniform on each compact set of 
continuity of the function Ep, in particular, on the set of states of Bosonic 
composite system with bounded mean energy. 

6.3 The continuity conditions 

Proposition 7 in [23] implies the following continuity condition for the func- 
tion Ep, which can be also formulated as a continuity condition for the 
function Ep since this condition implies coincidence of these functions. 

Proposition 8. The function Ep has continuous restriction to the set 
A C &(H Cg) K) if either the function uj \— > HiTi-^oj) or the function 
uj i — > H(Tr)cUj) has continuous restriction to the set A. 

This condition implies the result mentioned in example [6] (validity of 
requirement EM-5b) as well as the following observation. 

Corollary 8. The function Ep has continuous restriction to the set 
{uj I Ttjcuj = p G &{H)} if and only if H(p) < +oo. 

Proof. It is sufficient to note that if H(p) = +oo then there exists pure 
state uj G &(TC ® JC) such that Tr^cu = p. □ 

By corollary [8] for arbitrary continuous family {^t}* of local operations 
on the quantum system associated with the space fC and arbitrary state 
uj G &(TC Cg) fC) such that Tr^u; < +oo the function t \— > E F {^! t {uj)) is 
continuous. 



40 



For arbitrary state a let dc(cr) = inf{A G R | Tro~ A < +00} be the charac- 
teristic of the spectrum of this state. It is clear that dc(cr) G [0, 1]. Propo- 
sition [HI proposition 2 in (26] and the monotonicity property of the relative 
entropy imply the following condition of continuity of the function Ep with 
respect to the convergence defined by the relative entropy (which is more 
stronger than the convergence defined by the trace norm). 

Corollary 9. Let u be such state in &(TC(&K.) that either dc(Tr^u;) < 1 
or dc(Tr^u;) < 1. If {u n } is such sequence that lim n ^ +00 H(u> n \\ui ) = 
then lim^+oo E c F (u n ) = E F (u ). 



7 Appendix 

7.1 Yensen's inequalities 

In contrast to the case of R n for convex functions defined on convex subsets 
of separable Banach spaces the well known Yensen's inequality does not hold 
in general (see examples in section 3). Below the sufficient conditions of 
validity of this inequality in discrete and integral forms are presented. 

Proposition A-l. (discrete Yensen's inequality) Let f be a convex upper 
bounded function on closed convex subset A of a Banach space. Then for 
arbitrary countable set {xi} C A with corresponding probability distribution 
{7r.j} the following inequality holds 

t+00 \ +00 
(26) 
i=l J i=l 

Proof. Let x = J^t^i^iXi, A n = XT=i ^ and ^« = K 1 Yh=i n i x i- B Y 
convexity of the function / we have 

f{S) = f [\ n x n + (1 - X n ) ^=^) < Kf{Xn) + (1 - K)f (^^7) 

n 

< J^/fa) + (1 " A n )/ 
i=l 

By upper boundedness of the function / passing to the limit n — > +00 implies 



1-A„. 
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Proposition A-2. (integral Yensen's inequality) Let f be a convex func- 
tion on closed bounded convex subset A of a separable Banach space which is 
either lower semicontinuous or upper bounded upper semicontinuous . Then 
for arbitrary Borel probability measure \x on the set A the following inequality 
holds 

f (^J xfi(dx)J < J f{x)n{dx). (27) 

Proof. Let /i be an arbitrary probability measure on the set A. 

Let / be an upper bounded upper semicontinuous function. Then the 
function ji \— > f A f(x)fi(dx) is upper semicontinuous on the set V(A) of 
Borel probability measures on the set A endowed with the weak topology 
[3], [IB]- Let {fi n } be a sequence of measures with finite support and the 
same bary center as the measure /x weakly converging to the measure /i . By 
convexity of the function / inequality fl27|) holds with fj, — fj, n for each n. By 
upper semicontinuity of the function /i i— > f A f(x)fj J (dx) passing to the limit 
n — > +00 in this inequality implies inequality fl27|) with fi = fi . 

Let / be a lower semicontinuous function. By using the arguments from 
the proof of lemma[2]one can show that the function / is either lower bounded 
or does not take finite values. It is sufficient to consider the first case. Sup- 
pose that f A f(x)n(dx) < +00. By applying the construction used in the 
proof of lemma [T]it is possible to obtain sequence {/i n } of measures on the 
set A with finite support such that 

limsup / f(x)fj, n (dx) < / f(x)fj, (dx) and lim / x[i n {dx) = I Xfi (dx). 

rw+oo J a J A ' n ^+ oc JA J A 

By convexity of the function / inequality (1271) holds with \x = \x n for each 
n. By lower semicontinuity of the function / passing to the limit n — > +00 
implies inequality (12T|) with /x = /i . □ 

Since any affine function is convex and concave simultaneously proposi- 
tion A-2 and the arguments from the proof of lemma [2] imply the following 
result. 

Corollary A. Let f be an affine lower semicontinuous function on closed 
bounded convex subset A of a separable Banach space. Then for arbitrary 
Borel probability measure /i on the set A the following equality holds 

f (J x»{dx) \ = J f{x)fi(dx). (28) 
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The simplest example of a Borel affine function for which (1281) does not 
hold for some measures is the function on the simplex of all probability 
distributions with countable number of outcomes taking the value on the 
convex set of distributions with finite nonzero elements and the value +00 
on its complement. 

7.2 The converse of proposition [6] 

Here the proof of the assertion in remark [3J is presented. 

Proposition A-3. Let Abe a convex bounded closed subset of a separable 
Banach space and V(A) be the set of Borel probability measures on the set 
A endowed with the week convergence topology. If for arbitrary increasing 
sequence {f n } of concave continuous bounded functions on the set A with 
continuous bounded pointwise limit fo the sequence {co/ n } pointwise con- 
verges to the function co/ then for arbitrary compact subset JC C A the set 
& _1 (/C) is a compact subset ofV(A), where b : V(A) — > A is the barycenter 
map. 

Proof. Suppose the asserted property does not hold. This leads to the 
following two cases. The first case consists in existence of such xq G A that 
the set 6 _1 ({xo}) is not compact. In the second case the set is 
compact for all x G A but there exist such compact set /C C A that the set 
fe _1 (/C) is not compact^ 

Consider the first case. Since the set 6 _1 ({xo}) is not compact it contains 
sequence {/!„} which is not relatively compact. By Prohorov's theorem this 
sequence is not tight [3], [IB]- By lemma 1 in [28J and theorem 6.1 in [T5] we 
can consider that this sequence consists of measures with finite support. The 
below lemma A-l implies existence of such e and 5 that for any compact set 
K, C A and any natural N there exists n > N such that fj, n (Us(tC)) < 1 — e. 
Let {JC n } be increasing sequence of compact convex subsets of A such that 
UneN Us/2(fcn) 2 A. For each n let 

f n (x) = l-25- 1 inf ||x-y||, x G A. (29) 

Thus f n is a concave continuous bounded function on the set A for each 
n such that f n (x) — 1, x G Us/ 2 (}C n ), and f n (x) < 0, x G A \ Us(fC n ). 

18 As an example of a convex set corresponding to this case one can consider the set 
Xi(7i) endowed with the || • || p -norm topology for p > 1. 
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It is clear that fo(x) = lim n ^ +00 f n (x) = 1 so that cof (x) = 1 while the 
property of the sequence {fi n } implies that for each n there exists n' such 
that Hn'(Us(K, n )) < 1 — e and hence 

co/„(x ) < / f n {x)ii n >{dx) <l-e. 
J A 

Consider the second case. Since the set is not compact it contains 

sequence {//*•} which is not relatively compact and such that the sequence 
{xk = b(nk)} is converging. Similarly to the first case we can consider that 
this sequence consists of measures with finite support and one can find such e 
and 5 that for any compact set K, C A and any natural N there exists k > N 
such that fik{Us(K)) < 1 — e. Let x be the limit of the sequence {x^}. By 
Prohorov's theorem the compact set & _1 ({x }) is tight. Hence there exists 
such compact set /C Q A that fi(JC ) > 1 — e/2 for all fi G 6 _1 ({a;o}). 

Let {/C n } be increasing sequence of compact convex subsets of A such 
that /Co Q JC n for all n and IJneN Us^iJ^n) ^ A. We will show that for the 
function /„ defined in fl29|) the following inequality holds 

co/n(xo) < 1 - e, Vn. (30) 

Indeed, the property of the sequence {fik} implies that for each n and N 
there exists k > N such that /ik(£7<s(/C n )) < 1 — e and by noting that /i^ is a 
measure with finite support we obtain 

COfn(Xk) < C0f n (x k ) < / f n (x)/I k (dx) < 1 - E. 

J A 

This and lower semi continuity of the function co/ n imply (1301) . □ 

Lemma A-l. The subset Vo Q 'P(A) is tight if and only if for all e > 

and S > there exists compact subset K,{e, 6) C A such that 

fi(U s (1C(e,S))) > 1-e 

for all n G Vo, where Us(K.(e, 8)) is the closed 5-vicinity of the set JC(e, 5). 

Proof. It is easy to see that tightness of the set Vo implies validity of 
the condition in the lemma. Suppose this condition holds. For arbitrary 
e > and each n G N let K n = fC (e2~ n , e2~ n ). Then for the compact set 
£ = DneN U £2 -"(lC n ) we have 

n=l n=l 

for all n G Vq, which means that the set Vo is tight. □ 
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7.3 One property of posteriori states 

Let 9Jt be an arbitrary instrument on the set &{H) with the set of outcomes 
X [9]. For a given arbitrary state p G &(TC) let p p {-) = Tr9Jt(-)(p) be the 
posteriori measure on the set X and {a(x\p)} x( zx be the family of a posteriori 
states corresponding to the a priori state p [To] . 

Lemma A-2. For arbitrary convex lower semicontinuous function f on 
the set &(H) and arbitrary sequence {p n } C &(H) converging to a state po 
the following relation holds 



Proof. By lemma [2] we can consider that the function / is lower bounded. 
It is sufficient to show that the assumption 



leads to a contradiction. 

Let vq = p po o cr _1 ( • |p ) be the image of the measure p Po under the map 
x i — ^ (x(x|po)* It is clear that vq e V (see remark [8]) and that 



By separability of the set &{7i) for given m one can find family {£>j m }i 
of Borel subsets of &(TC) such that Vq(B™) > for all i and the sequence of 
measures 



weakly converges to the measure v§ (see the proof of lemma 1 in [llj). Lower 
semi continuity of the function p \— > § & , H s f(p)p(dp) implies existence of such 
m that 



liminf / f(a(x\p n ))p Pn (dx) > / f(a(x\p ))p po (dx). 






A > 0, (31) 






(32) 
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By using the finite family {Xi = o 1 (i3™°|p )} of p po -measurable subsets 
of X we can construct the family {X-} consisting of the same number of 
Borel subsets of X such that p, po ((X( \ X { ) U (AJ \ X[) — and [J. X t = X. 
For each i the state 



pu (dp) = — — / a(x\po)ii po {dx) - 



MBDJbT* < " V ' " P ° V 7 TrOT(^)(po 



is the posteriori state, corresponding to the set X[ of outcomes and the a 
priori state p . 

For each % let ai = l ^f, n ^ be the posteriori state, corresponding 

" Tr3Jr(AV)(p n ) 

to the set A?/ of outcomes and the a priori state p„o By lower semicontinuity 
of the function / and since hrn n _ H _ tX) SDT( X!) (p n ) = Wl(Xl)(p ) we have 

£>,J;W(<) > X>*,(*i)/(*o) - |A (33) 

i j 

for all sufficiently large n. 

By Yensen's inequality (proposition A-2) convexity and lower semiconti- 
nuity of the function / implies 



/V(*/)/K)</ f(<T(x\Pn))» Pn (dx), Vi,n. (34) 
By using (pl),(l3"3l and (jMj) we obtain 

/ f(v(x\pn))Pp n (dx) = V / /(a(x|p„))p p „(rfx) > VppJ^/K) 
^ i J K i 

> E^o(^')/K) - |A > / /(p)m(dp) - f A 
• Jew 

for all sufficiently large n, which contradicts to (!3~TT) □. 

The author is grateful to A.S.Holevo for the help and useful discussion. 



19 Sincc Tr3Jl(A'/)(po) = l-^poi^D > the state is correctly defined for all sufficiently 
large n. 
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